The present status of Chiral Perturbation Theory (ChPT) in the strong mesonic sector is discussed. A very short introduction to ChPT is followed by an overview of existing two-loop calculations and the determination of the Low-Energy-Constants (LECs). I discuss the case of η → πππ decays in somewhat more detail and finish by mentioning some recent work on partially quenched ChPT and on the renormalization group in ChPT.
• Expected breakdown scale: The scale of the not explicitly included physics, here resonances, so the scale is of order M ρ , but this is channel dependent.
Chiral symmetry is the (continuous) interchange of quarks. If we look at the QCD Lagrangian
we see that we have an SU (3) V symmetry for equal quark masses but for m q = 0 we can change leftand right-handed separately giving a SU (3) L × SU (3) R symmetry with q T = ( u d s ) transforming as q L → g L q L and q R → g R q R . The chiral symmetry is broken spontaneously by vacuum condensates= q L q R +q R q L = 0. This breaks the eight axial generators of the symmetry group but leaves the vector part unbroken: SU (3) L × SU (3) R → SU (3) V . This produces eight massless Goldstone Bosons and their interaction vanishes at zero momentum. The latter is very important, it is the reason why there exists a proper power-counting in ChPT. This is illustrated in Fig. 1 .
Figure 1: An illustration of the power-counting in ChPT. On the left we have the lowest order vertex with two powers of momenta or masses, the meson propagator with two inverse powers and the loop integration leading to four powers. On the right hand-side we see two one-loop contributions and how the counting on the left leads to the same power p 4 for both diagrams. This counting can be generalized to all orders [8] .
We now start to look at the needed Lagrangians. The SU (3) L × SU (3) R /SU (3) V manifold is parameterized by a matrix
2)
The traceless Hermitian matrix Φ is written in the usual pseudo-scalar fields. With the covariant derivative D µ U = ∂ µ U − ir µ U + iU l µ , which includes the left and right external currents: r(l) µ = v µ + (−)a µ and the matrix χ = 2B 0 (s+ ip) that contains the external scalar and pseudo-scalar fields s and p, the lowest order Lagrangian is
(2.3)
A is the trace over flavours Tr F (A). Quark masses are included via s = diag(m u , m d , m s ) + · · ·. At higher orders the number of terms in the Lagrangian increases rapidly. There exist two types, those representing contact terms, i.e. without pseudo-scalar bosons, and those with. The former can never be measured but are the reflection in ChPT of the definition of currents and densities 2 flavour 3 flavour 3+3 PQChPT in QCD. The latter are usually called low-energy-constants (LECs). The number of parameters at the various orders is shown in Tab. 1. The order p 2 is from [19] , order p 4 from [10, 11] , order p 6 from [20] after an earlier partial result [21] . The partially quenched results are derived from the n F flavour case [22] . The difficulty in obtaining a minimal set can be seen from the recent discovery of a new relation for two flavours [23] . Since the normal case is a continuous limit of the partially quenched case, the resulting LECs are linear combinations of partially quenched LECs using the Cayley-Hamilton relations given in [20] . The general divergence structure at this order is known [24] . The parameters B = B 0 and F = F 0 are the two versus three-flavour lowest order constants, these are different quantities.
The main predictions of ChPT are twofold. 1) It relates processes with different numbers of pseudo-scalars. 2) It predicts nonanalytic dependences at higher orders, often referred to generically as Chiral Log(arithm)s. As an example, the pion mass for n F = 2 is given at NLO by [10] 
The implicit µ dependence in l r 3 and the explicit dependence in the logarithm cancel. The LECs, like l r 3 in (2.4), have to be determined experimentally or from lattice calculations. For n F = 2 Ref. [10] introduced the µ independentl i = 32π 2 /γ i l r i (µ) − log M 2 π /µ 2 , which are proportional to the LECs l r i (µ = m π ). For n F = 3 some of the corresponding γ i are zero and no good equivalent definition ofL i exists. Here we always quote the L r i (µ). The scale µ is arbitrary but becomes relevant when using estimates for higher order constants.
A question which is often misunderstood is what quantities to expand in. The ChPT expansion is in momenta and masses. However, one first has to decide whether to expand in lowest order quantities, like F, 2Bm, or physical masses and decay constants, like m π , m K , m η , F π , F K . The latter is not unique either since the Gell-Mann-Okubo relation and kinematical relations like s + t + u = 2m 2 π + 2m 2 K for πK-scattering can be (and are heavily) used to rewrite expressions. This sounds trivial but can change much how a series convergence looks as shown below for a simple example. I prefer to use physical masses and decay constants rather than the lowest order quantities. The physical quantities are typically better known and the chiral logs are created by particles propagating with their physical momentum. Also, thresholds appear in the right places at each order in perturbation theory. The differences are higher order, but can be numerically important.
Take as a simple example the relations
, as exact. We can expand to NNLO in several ways, some examples are
The coefficients in the expansion and the actual numerical values clearly depend on the way we write the results. The plots in Fig. 2 knowing the first three terms one would draw very different conclusions on the quality of the convergence from Fig. 2 for the different ways of expanding.
Two-flavour ChPT at NNLO
References to order p 2 and p 4 work can be found in [17] . The first work at NNLO used dispersive methods to obtain the nonanalytic dependence on kinematical quantities, q 2 , s,t, u at NNLO. This was done for the vector (electromagnetic) and scalar form-factor of the pion in [25] (numerically) and [26] (analytically) and for ππ-scattering analytically in [27] . The work of [27] allowed to put many full NNLO calculations in two-flavour ChPT in a simple analytical form.
Essentially all processes of interest are calculated to NNLO fully in ChPT starting with γγ → π 0 π 0 [15, 28] , γγ → π + π − [29, 30] , F π and m π [29, 31, 32] , ππ-scattering [31] , the pion scalar and vector form-factors [32] and pion radiative decay π → ℓνγ [33] . The pion mass is known at order p 6 in finite volume [34] . Recently π 0 → γγ has been done to this order as discussed in the talk by Kampf [35] .
The LECs have been fitted in several processes.l 4 from fitting to the pion scalar radius [33, 36] , l 3 from an estimate of the pion mass dependence on the quark masses [10, 36] andl 1 ,l 2 from the agreement with ππ-scattering [36] ,l 6 from the pion charge radius [32] andl 6 −l 5 from the axial form-factor in π → ℓνγ. There is also a recent determination ofl 5 from hadronic tau decays [37] . The final best values are [32, 33, 36, 37] 
There is information on some combinations of p 6 LECs. These are basically via the curvature in the vector and scalar form-factor of the pion [32] and two combinations from ππ-scattering [36] 4 , L r 6 used in the fits, from [38] .
from the knowledge of b 5 and b 6 in that reference. The order p 6 LECs c r i are estimated to have a small effect for m π , f π and ππ-scattering.
Let me now show the dependence on the quark mass via M 2 = 2Bm for m 2 π with surprisingly small NLO and NNLO corrections for the values of the input parameters in (3.1) and c r i (µ = 0.77 GeV) = 0. The full result is extremely linear as can be seen in the left plot in Fig. 3 . The linearity is a consequence of the fitting parameters as can be seen in the right figure in Fig. 3 . Similarly, F π as a function of M 2 expanded as in (2.6) is shown in Fig. 4 . The values of m 2 π , F π and M 2 are determined selfconsistently via an iterative method from the ChPT formulas quoted in [32] .
Three-flavour ChPT

Calculations
In this section I discuss several results at NNLO in mesonic three-flavour ChPT. The formu-las here are much more involved than in two-flavour ChPT and while the expressions have been reduced to a series of well-defined two-loop integrals, the latter are evaluated numerically. Both are the consequence of the different masses present. The vector two-point functions [39, 40] and the isospin breaking in the ρω channel [41] were among the first calculated. The disconnected scalar two-point function relevant for bounds on L r 4 and L r 6 was worked out in [42] The remaining scalar two-point functions are known but unpublished [43] . Masses and decay constants as well as axial-vector two-point functions were the first calculations which required full two-loop integrals, done in the π and η [39, 44] and the K channel [39] . Including isospin breaking contributions to masses and decay constants was done in [45] . After K ℓ4 had also been evaluated to NNLO [46] a fit to the LECs was done as described below. The vacuum expectation values in the isospin limit were done in [46] , with isospin breaking in [45] and at finite volume in [47] .
Vector (electromagnetic) form-factors for pions and kaons were calculated in [48, 49] and in [49] a NNLO fit for L r 9 was performed. L r 10 can be had from hadronic tau decays [37] or the axial form-factor in π, K → ℓνγ. The NNLO calculation is done, but no data fitting was performed [50] . A rather important calculation is the K ℓ3 form-factor. This calculation was done by [51, 52] and a rather interesting relation between the value at zero, the slope and the curvature for the scalar form-factor obtained [51] . Isospin-breaking has been included as well [53] .
Scalar form-factors including sigma terms and scalar radii [54] and ππ [38] and πK-scattering [55] have been performed as well and used to place limits on L r 4 and L r 6 . Finally, the relations between the l r i , c r i and L r i ,C r i have been extended to the accuracy needed to compare order p 6 results in two and three-flavour calculations [56] and there has been some progress towards fully analytical results for m 2 π [57] and πK-scattering lengths [58] . The most recent results are η → 3π [59] , isospin breaking in K ℓ3 [53] .
The fitting and results
The inputs used for the fitting, as discussed more extensively in [45, 46] , are
• m s /m = 24. Variations with m s /m were studied in [45, 46] .
• L r 4 , L r 6 the main fit, 10, has them equal to zero, but see below and the arguments in [42] .
Some results of this fit are given in Tab [54, 38, 55] . Fit B was one of the fits with a good fit to the pion scalar radius and fairly small corrections to the sigma terms [54] while fit D [61] is the one that gave agreement with ππ and πK-scattering threshold quantities.
Note that m u /m d = 0 is never even close to the best fit and this remains true for the entire variation with L r 4 , L r 6 . The value of F 0 , the pion decay constant in the three-flavour chiral limit, can vary significantly, even though I believe that fit B is an extreme case. and constraints from lattice QCD on L r 4 , L r 6 will be very useful. I now show the dependence of a few quantities on the input masses. These are updates of the plots shown in [46] , more can be found in [1] . 
C r i : estimates of order p 6 LECs
Most numerical analysis at order p 6 use a (single) resonance approximation to the order p 6 LECs. This is schematically shown in Fig. 9 . The main underlying motivation is the large N c limit and phenomenological success at order p 4 [13] . There is a large volume of work on this, some references are [63] . The numerical work I will report has used a rather simple resonance Lagrangian [13, 31, 45, 46, 13] only. The estimates of the C r i is the weakest point in the numerical fitting at present, however, many results are not very sensitive to this. The main problem is that the C r i which contribute to the masses, are estimated to be zero except for η ′ effects and how these might affect the determination of the others. The estimate is µ-independent while the C r i are not. The fits done here in [45, 46, 54] try to check this by varying the total resonance contribution by a factor of two, varying the scale µ from 550 to 1000 MeV and compare estimated C r i to experimentally determined ones. The latter works well, but the experimentally well determined ones are those with dependence on kinematic variables only, not ones relevant for quark-mass dependence.
We are at present [64] working on a new fit and trying to find how can be done without these estimates. That there might be some strain can be seen from the different C i estimates from [65] shown in Table 3 using the results of ππ and πK scattering of [38, 55] .
η → πππ
In the limit of conserved isospin, no electromagnetism and m u = m d , the η is stable. Direct electromagnetic effects are small [66] . The decay thus proceeds mainly through the quark-mass difference m u − m d . The lowest order was done in [67] , order p 4 in [68] and recently the full order p 6 has been evaluated [59] . The momenta for the decay η → π + π − π 0 we label as p η , p + , p − and p 0 respectively and we introduce the kinematical Mandelstam variables
The amplitudes for the charged, A(s,t, u), and neutral, A(s,t, u) are related
The relation in (5.1) is only valid to first order in m u − m d . The overall factor of m u − m d can be put in different quantities, two common choices are
The tree level determination of R in terms of meson masses gives with (5.3) a decay rate of 66 eV which should be compared with the experimental results of 295±17 eV [69] . In principle, since the decay rate is proportional to 1/R 2 or 1/Q 4 , this should allow for a precise determination of R and Q. However, the change required seems large. The order p 4 calculation [68] increased the predicted decay rate to 150 eV albeit with a large error. About half of the enhancement in the amplitude came from ππ rescattering and the other half from other effects like the chiral logarithms [68] . The rescattering effects have been studied at higher orders using dispersive methods in [70] and [71] .
Both calculations found an enhancement in the decay rate to about 220 eV but differ in the way the Dalitz plot distributions look. This can be seen in Fig. 10 where I show the real part of the amplitude as a function of s along the line s = u. The calculations use different formalisms but make similar approximations, they mainly differ in the determination of the subtraction constants. That discrepancy and the facts that in K ℓ4 the dispersive estimate [73] was about half the full ChPT Right: Alternative dispersive analysis for the decay amplitude [71] . Figs. from [72] , adapted from [70, 71] .
calculation [46] and at order p 4 the dispersive effect was about half of the correction for η → 3π makes it clear that also for this process a full order p 6 calculation was desirable. The calculation [59] generalized the methods of [45] to deal with π 0 -η mixing. Here I show only results. In Fig. 11 I show the numerical result for the amplitude along two lines in the Dalitz plot, t = u and s = u. The latter can be compared directly with the dispersive result of Fig. 10 . The correction found in [59] at order p 6 is 20-30% in amplitude, larger in magnitude than the dispersive estimates [70, 71] but with a shape similar to [71] .
The Dalitz plot in η → 3π is parameterized in terms of x and y defined in terms of the kinetic energies of the pions T i and Q η = m η − 2m π + − m π 0 for the charged decay and z defined in terms Table 4 : Measurements of the Dalitz plot distributions in η → π + π − π 0 . Quoted in the order cited in [74] . The KLOE result f is f = 0.14 ± 0.01 ± 0.02. 
Recent experimental results for these parameters are shown in Tabs. 4 and 6. There are discrepancies among the experiments but the latest precision measurements of α agree. The predictions from ChPT to order p 6 with the input parameters as described earlier are given in Tabs. 5 and 7. The different lines corresponds to variations on the input and the order of ChPT. The lines labeled NNLO are the central results. The agreement with experiment is not too good and clearly needs further study. Especially puzzling is that α is consistently positive while the dispersive calculations as well as [75] give a negative value. The inequality α ≤ d + b − a 2 /4 /4 derived in [59] shows that α has rather large cancellations inherent in its prediction and that the overestimate of b is a likely cause of the wrong sign for α. The fairly large correction gives in the end larger values of Q compared to those derived from the masses [59] .
Even more flavours at NNLO (or PQChPT)
NLO Partially Quenched ChPT has been studied by many people and found to be very useful, see [78] and references therein. The masses and decay constants are known to NNLO for almost all possible mass combinations. Formulas were kept in terms of the quark-mass expansion to avoid the proliferation in physical masses appearing in this case. The three sea flavour masses and decay constants are in [22, 79] and the two sea flavour results are in [80] . Numerical programs are available from the authors. The formulas are in the papers but can be downloaded from [18] . PQChPT NNLO results for neutral masses are in [81] . 
Renormalization Group
In ChPT the renormalization group is not quite as useful as in renormalizable theories but Weinberg [8] already showed that some predictions can indeed be made. In particular leading logarithms at two loops can be had from only one-loop calculations. This was used for obtaining the leading double logarithms in ππ scattering [82] and in general [83] . The extension to all orders was proven in [84] . A leading log to five loops was obtained in [85] and recently recursion relations in the massless case were used to get results to very high orders [86] .
The latter papers solved the practical problem of keeping track of all-order Lagrangians using two observations. First, in the massless limit, tadpoles vanish, and thus the number of external legs needed at any order does not increase. Second, the main vertex needed is then the four meson vertex. Here they found a useful general expressions using Legendre polynomials allowing them to do all needed loop integrals and obtain a fairly simple iterative algebraic recursion relation.
Conclusions
Modern ChPT is doing fine. Two flavour ChPT is in good shape: it is now precision science in many ways. For three flavour ChPT the corrections are larger and there seem to be some problems, but many parameters, especially in the scalar sector are rather uncertain and errors are very quantity dependent. Many partially quenched NNLO calculations have been done with an eye on lattice calculations and their extrapolations. A final comment is that new application areas continue to be found for ChPT and EFT in general.
